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Module-3: Some Particular Type of Space Curves.

4. Helix:

A space curve is called helix if the tangent to the curve at eve ry point of it makes a

constant angle with a �xed direction.

For a helix we have very interesting theorem.

Theorem 5.11: The ratio of the curvature to the torsion of a space curve(not a straight

line) is a nonzero constant i � the tangent to the curve at every point of it makes a

constant angle with a �xed direction.

Proof : Let the tangent vector � i to a space curveC makes a constant angle� with a

�xed direction ai , where ai is a unit vector. Then

gi j � i aj = cos�: (21)

Di � erentiating intrinsically with respect to s, we get

gi j
�� i

�s
aj = 0[*

�g i j

�s
= 0;

�a j

�s
= 0] ;

)

gi j ��
i aj = 0[*

�� i

�s
= �� i ];
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)

gi j � i aj = 0[* � , 0]:

Thus ai is orthogonal to � i . But � i is orthogonal to � i . Hence ai must lie in the

plane of � i and 
 i . So the angle betweenai and 
 i is 90 � �: Hence,

gi j 
 i aj = cos(90� � ) = sin �: (22)

Also we can write ,

ai = c� i + d
 i (23)

where c and d are scalars. From (23) we have,

gi j ai � j = cgi j � i � j + dgi j �
j 
 i

)

cos� = c[* gi j � i � j = 1;gi j � j 
 i = 0]:

Again

gi j ai 
 j = cgi j � i 
 j + dgi j 
 j 
 i

)

sin � = d:

Hence (23) can be written as

ai = cos�� i + sin �
 i : (24)

Di � erentiating (23) intrinsically we have

�a i

�s
= cos�

�� i

�s
+ sin �

�
 i

�s
:

)

cos��� i � sin ��� i = 0;[*
�a i

�s
= 0] :

)

� cos� � � sin � = 0;[* � i , 0]:

Hence
�
�

= tan � = constant
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Conversely, Let �
� = constant = m (say) andm , 0. Therefore � = 1

m �:

From Frenet formula

�
 i

�s
= � �� i = �

�
m

� i

)
�
 i

�s
=

� 1
m

�� i

�s

)
�
�s

(
 i + t� i ) = 0;* t =
1
m

Therefore 
 i + t� i is a constant vector. We denote this vector by ai . Therefore

gi j ai � j = gi j (
 i + t� i )� j = 0 + t:1 = t = constant:

Therefore, the tangent vector � i makes a constant angle with a �xed direction ai .

Hence proved.

Note 5.12: This space curve is called a helix. If a space curve C lies on a cylinder

and the tangent at each point of it makes a constant angle with the generator of the

cylinder through that point, then the curve C is called the cylindrical helix. If the

cylinder is a circular cylinder the the tangent at each point will make �xed angle with

its axis. then it is called circular helix.

5. Bertrand Curves(mates):

A pair of curves is called Bertrand curves(mates) if they hav e same principal normals

at each corresponding points. Let, P and P̄ be corresponding points on the curves C

and C̄; where they have same principal normal.
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We approach to prove some important properties regarding Be rtrand curves in vec-

tor approach as it is easy to understand. Readers may convert it into tensor approach

as an exercise.

Result 5.13: PP̄ = constant.

Let, position vectors of P and P̄ be ~r and ~̄r along the curves C and C̄: Therefore, r̄ =

r + a� where PP̄ = a; and � = �̄ is the principal normal. Taking derivative with respect

to s, we get
dr̄
ds̄

ds̄
ds

=
dr
ds

+ �
da
ds

+ a
d�
ds

;

) �̄
ds̄
ds

= � + �
da
ds

+ a(� �� + �
 ) (Using Serret-Frenet formula) : (25)

Taking dot product by �; we get

�̄ � �̄
ds̄
ds

= � � � + (� � � )
da
ds

� a� (� � � ) + a (� � 
 );

)
da
ds

= 0:

[Since � � � = 1 and � � � = 0; � � 
 = 0:] ) a is constant.

Result 5.14: The angle between two unit tangent vectors at corresponding points is

constant.
d
ds

(� � �̄ ) =
d�
ds

� �̄ + � �
d�̄
ds

;

= �� � �̄ + �̄ �̄ � � � � �̄ � �̄ + �̄� � � = 0:

� So, angle between� and �̄ is constant.

Result 5.15: Angle between 
 and ¯
 is constant.
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Result 5.16: For Bertrand curves, the relation between curvature and tor sion is a� +

b� = 1: From (25) we have,

�̄
ds̄
ds

= � + a(�
 � �� ) = (1 � a� )� + a
�:

Taking dot product with ¯
 on both sides

) ¯
 � �̄
ds̄
ds

= (1 � a� )� � ¯
 + a
� � ¯
 :

If angle between 
 and ¯
 is �: Then 
 � ¯
 = cos�: So angle between� and ¯
 is ( �
2 � � ).

Therefore � � ¯
 = cos(�
2 � � ) = sin �:

) 0 = (1 � a� )� � ¯
 + a� cos�;

) 0 = (1 � a� )sin � + a� cos�;

) 0 = sin � � a� sin � + a� cos�;

) a� + b� = 1;

where b = � acot �:

� Therefore, for Bertrand curves, the relation between curva ture and torsion is a� +

b� = 1:

� Example of Bertrand Curves:
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