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1. Learning Outcomes

After studying this module, you shall be able to

¢ Find the m-electron energy and wavefunction for cyclopropenyl radical

e Understand the basis of molecular orbital diagram for r-electron systems

2. Huckel Molecular orbital theo

HMO theory is an approximate method which simplifies variation method to treat planar
conjugated hydrocarbons. The Hiickel theory treats only =- electrons in a planar
conjugated molecule. HMO calculations are carried out using variation method and
LCAO(n)-MO approximation. The basis set for MO approximation consists of one pz-

orbital on each atom. The o skeleton of the conjugated molecule is assumed frozen.

According to LCAO-MO approximation, the MO is written as,

1

Pa = Zci'w:pzi -

i=1

And the approximate energy is given by,
_ feaHegdrt

= Tonpads @

a

The Hamiltonian A incorporates the effect of the interaction of 7 electron with the rest of
the molecule (nuclei, inner electrons, ¢ bonds) in an average way. In HMO method, ©

electrons are assumed to be moving in a potential generated by the nuclei and ¢ electrons
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of the molecule. In addition, electron-electron repulsions are neglected in z-Hamiltonian

of conjugated molecule.

For a planar conjugated hydrocarbon, the only atomic orbitals of ® symmetry are the 2pn
orbtials on carbon.In this module, we have consistently assumed the plane of the

molecule as x-y plane with & orbital in the z axis, perpendicular to the molecular plane.

A trial function that depends linearly on the variational parameters leads to a secular determinant
which gives secular equation as an approximation to the energy.

H11 - ESll

H 217 ESZl

To solve the Secular determinant for an n-z electron system, Hiickel treated the Hii ,Hij,
Sij and Sjj integrals as parameters that can be evaluated empirically by fitting the theory to

experimental results.

Hl] = flp;ﬁl/)jdf

g._la (i=j) Coulomb integral
B (i+)j) Resonance integral

2. S = flpzlp,-dr

1(;

0 (= ” Overlap integral
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The expansion of an n x n Hiickel determinant yields a polynomial equation which has n
real roots giving n energy levels and n molecular orbitalsfor the n-x electron system. The

energy of any a molecular orbital (MO) is given by

E, =a+Xx,3 , where x, is the a™ root of the polynomial.

3. Application of HMO theor

In this section, we shall apply HMO theory to a cyclic conjugated molecule viz.,

cyclopropenyl radical.

3.1 Cyclopropenyl radical

We consider here the case of cyclopropenyl radical.

Cyclopropenyl radical is a 3 m-electron cyclic system where the carbon atoms are
adjacent with each carbon 2p, orbital contributing 1 electron to the HMO =n-electron
system.

The three atomic orbitals (AOs) combine to form molecular orbitals (MOs).

Labeling the three carbons as 1, 2 and 3,
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The Huckel molecular orbital wavefunction for this system becomes

Yo = C1YPop,, + C2Wap,, + 3o .

The Secular equations obtained for cyclopropenyl radical are of the form:

(Hy1 —ESy1)eq + (Hyz — ESyp)cp + (Hyis —ESy3)e3 = 0

(Hzy — ESz1)¢q + (Hpz — ESzz)cz + (Has — ESz3)c3 = 0

(Hsy — ES31)ey + (Hzz — ES3z)cz + (Hag — ES33)c3 = 0
which can be written in the form of secular determinant of order three as shown below,
Hyy —ESyy Hip —ESy; Hyz — ESis Cl] \

-(5
Hyy — ESy1 Hyy — ESy;;  Hyz — ESys||C2 ©)

H3y — ES31  Hzy, — ES3;  Hiz — ES33llc3

Now, in the case of cyclopropenyl radical, carbon atom 1 is connected to carbon atom 3,

i.e., the C1 and C3 are neighbors.

Taking into account the assumptions of HMO theory, the secular determinant transforms
into Huckel determinant as,
Hyy = Hyy = H33 = aHyy = Hyy = Hyz = Hzy = Hyz = H3p = B
S$11 =822 =533 =181, =851 =513 =831 =523 =53, =0
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This reduces the Hiickel determinant as,

A1 1
1 12 11=0
1 1 2

The Huckel determinant leads to a polynomial equation,
AB+31+2=0

which gives,
1+2)(A2=-22+1)=0

-(9)

A+2)(2—-1—-1+1)=0

A+2)A-1DA-1)=0
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Thus, we have three roots of the polynomial equation as:
2’1 = _2, Az = 1, 13 =1 '(10)

We assumed earlier while simplifying the Hiickel determinant that
_a—E
B

So, the energies of the molecular orbitals of cyclopropenyl radical are of the form,

A

2’1 = —2 E1 =a + Zﬁ -(11)

/’{2=/13=1 E2=E3=(Z—B _(12)
The two energy levels viz., E> and Es are degenerate.

The Hickel energy level diagram for cyclopropenyl radical is shown below:

)
o-f

R
| J

HMO energy level diagram for cyclopropenyl radical

The total = electron energy E is taken as the sum of the energies corresponding to

occupancy of each & electron.
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For cyclopropenyl radical, the total © electron energy E; is given by
Total wenergy (E;) = 2(a + 2B) + (a — B)

E, =3a+3p -(13)

Resonance energy (or delocalization energy D.E.) is defined as the difference in the

energy of z electrons in a given molecule and the sum of energies of isolated double bond

The energy of two = electrons in ethylene is

Eethylene =2a+2p

Epp = Ex — Eethylene =3a+3f—-2a-2-a=p -(14)

Hence, we can say that the cyclopropenyl radical is stable by a factor # in comparison to

an isolated double bond.

Another related term is = bond formation energy which is the energy released when a
bond is formed. Since the contribution of « is same in the molecules as in the atoms, so
we can consider the energy of three electrons, each one in isolated and non-interacting

atomic orbitals as 3a, then the 7 bond formation energy becomes,
En(bond formation) = ETL' - Eisolated

En(bond formation) = 3a+ 3B —3a=3p

Now, we solve for HMO coefficients,

In terms of A given by
1= a—FE

the secular equations for cyclopropenyl radical are as follows,
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A 1 1114
1 1 1]|¢2|=0
1 1 AllGs

Acg+c,+c3=0
C1+AC2+C3=O

C1+C2+/1C3:0

For,A = —2, the secular equations become,
—2c1+c;+c3=0 -(17)

c1—2c,+¢c3=0 (18)

c1+c;—2c3=0 -(19)

Subtracting equation (18) from equation (17) respectively gives,
—3¢; — 3¢, =0

€1 =06 -(20)

Subtracting equation (19) from equation (18) respectively gives,
—3¢c; —3¢c3=0

Cy = C3 -(21)

Now, we know that the sum of squares of coefficients is always unity, i.e., from
normalization condition,

12+ 2+ 3% = -(22)
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Now, using equations (20) and (21), we get normalization condition for A = —2 as,

3¢,°=1 orci=c,=c3= 1/\/§ -(23)

So, we get the wavefunction correspondingto A = —2 as,

1
P1 =75 Wap,, +¥2p,, +¥2p,,) -(24)

For, A = 1, the secular equations become,

C1+C2+C3:O

-(25)
C1 + C2 + C3 = O

C1+C2+C3:O

The value of the coefficients corresponding to A = 1 cannot be determined using the set
of equations as given in expression (25) alone. We know that the energy levels
corresponding to A = 1 (E, and E3) are degenerate. And in case of degenerate orbitals,
HMO method cannot determine the coefficients uniquely. One can choose any value for
C1, C2 and ¢z provided that they satisfy the conditions of normalization and orthogonality
as well as the values of c1, c2 and c3 must satisfy the expression (25).

A simple method to satisfy the above mentioned three conditions is to set any one of the
coefficients equal to zero. Let c¢; = 0, then we have from equation (25),

C1 + C2 = 0
Cy = —Cq -(26)
From normalization condition,

2+t +ct=1
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C12 + C22 +0=1 (27)

Using equation (26) in equation (27) gives,

C12+C12+0=1

2 _ -1 —_1
2c,“=1 or ¢y = /\/7,62— /\/7 -(28)
So, we get the wavefunction corresponding to A = 1 assuming c; = 0 as,

P2 = % (IIJszl - lprzz) -(29)

We arbitrarily chose c; = 0 but we cannot repeat the same process for determining gs.

This is because g3 must be orthogonal to @1 and ¢o.

f(pl(p3d‘[ =0 _(30)

J9205dt =0 -(31)

For instance, taking equation (31), we get

J [l/ﬁ (b2p,, — ¢zpzz)] [e12p,, + C2¥ap,, + C3W2p,,JdT = 0 -(32)

On expanding the equation (32) we get,

j 1/ﬁ01¢2pz12df+ J 1/ﬁ C2Wap, Wap,,dT + j 1/ﬁ C3W2p,, Wap,, AT
- j 1/\/§C1¢2pzz¢’2pzldf— J 1/\/5021/’219222“
- _[ 1/\/2 C3 ¢2pzzlp2pz3 dT =0
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fl/ﬁC1¢2p212dT_j1/\/§C2¢2p222d7: -0

1/\/Ecl — 1/\/502 =0
Or, we can write ¢; = ¢, -(33)
But, the value of coefficients must satisfy equation (25),
c1+c,+c3=0
2c1+c3=0
3 =—2¢; -(34)
From normalization condition,
2+ttt =1
Substituting the values from equations (33) and (34) we get,
cil+ci+4c?i=1
6c,” =1 or c1=c2=1/\/g; C3=_2/\/8 -(39)
So, we get the wavefunction g3 as,
2

1 1
$3 = ﬁlpzl)zl + ﬁl/)ZPZZ - \/EIIJszs

In general, any linear combinations of degenerate molecular orbitals (MO’s), which
satisfy the orthogonality and normalization conditions, will be equally valid MO’s.

The pictorial representation of the three Hiickel molecular orbitals for cyclopropenyl
radical is shown below.

CHEMISTRY PAPER: 2, PHYSICAL CHEMISTRY-I




4 d o athshala

@ Positive lobe
O Megative lobe

- = = = Base of nodal plane

e Electron density:

f(pzd‘r = Zc,% =12+ 2 + 52

n

This means that in LCAO-HMO approach, c2 represents the electron density due to one
electron at the atom n, but there may be several electrons in the system distributed in a
number of HMO’s. So, the total electron density is taken as the sum of electron densities
contributed by different electron in each HMO.

qn = z n;c2,n;is the number of electrons in ith HMO (0,1 or 2)

i
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In case of cyclopropenyl radical, two m-electrons are in energy state E1 while the third
electron may be placed in either energy state E> or Es (degenerate). In such a case,
electron density is calculated by assuming that half of the available electron is in each of
the degenerate MO'’s.

et (ig) o)+ ()
%2 =2><(1/v§)2+1/2><(—1/\/7)2+1/2><(1/\/€)2 =1

qs=2x(1/\/§)2+0+1/2x<—2/\/8>2:1

Charge density
In a conjugated molecule, a neutral carbon is associated with an electron density of
1.0 and the net charge density is defined as
en=1-qn
For cyclopropenyl radical,
§=1-1=0=¢,=¢3
IT-bond order between adjacent carbon atoms is given by
BOg, = Z N;iCiqCip
i
where n; is the number of m electrons in ith MO

CiaCip IS the m — electorn charge in ith MO between adjacent
carbon atoms a and b

IT-bond order represents the extent of n-bonding between adjacent atoms.
For cyclopropenyl radical,
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BOT, = (ZX1/\/§X1/\/§)+(1/2Xl/ﬁx_l/ﬁ)+(1/2x1/\/8x1/\/5)
BOL, = 0.5

BO§3=(Zx1/\/§><1/\/§)+(1/2x—1/\/§x0)+(1/2x1/\/€x—2/\/€)
BOT, = 0.5

BOT, = (Zx1/\/§x1/\/§)+<1/2><0x1/\/5)+<1/2x_2/\/€><1/\/g)
BOT, = 0.5

There is a 6 bond between two carbon atoms which is taken into account while reporting

the total bond order. The total bond order is given by

B0 =1+ BOg,

A high bond order corresponds to large m-charge in the bond regions which means a
shorter and stronger bond.

Exercise: Calculate the ground state energies, wavefunction, electron density, charge
density and bond order for cyclopropenyl carbonium ion and carbanion respectively.
Compare the results with cyclopropenyl radical and comment on the results.
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e HMO theory is an approximate method which simplifies variation method to treat
planar conjugated hydrocarbons.
The Hiickel theory treats only n- electrons in a planar conjugated molecule.
HMO calculations are carried out using variation method and LCAO(m)-MO
approximation.
The basis set for MO approximation consists of one pz-orbital on each atom.
Application of HMO theory to cyclopropenyl radical

v Cyclopropenyl radicalis a three electron system

vV Ei=a+2BE,=E;=a-
The two energy levels viz., E> and Ez are degenerate.

In case of degenerate orbitals, HMO method cannot determine the coefficients
uniquely. One can choose any value for c1, ¢2 and cs provided that they satisfy the
conditions of normalization and orthogonality. In general, any linear combinations of
degenerate molecular orbitals (MO’s), which satisfy the orthogonality and

normalization conditions, will be equally valid MO’s.

1
=5 (W2p,, + V2p,, + V2p,.)

1
¥y = ﬁ (¢2p21 - 1/J2pzz)

1 1 2
Pz = ﬁlpmzl + ﬁ%pn - ﬁ%pzs
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