Paper 1: FOUNDATIONS OF BIOPHYSICS

Module 12: Integral Calculus
Objective:

e To understand
o What it is integral calculus?
o Importance of Integral calculus
o Various applications of integral calculus

e Content
o Introduction
Area under the curve
Mathematical definition of Integral
Definite and Indefinite integrals
Integral theorem
Properties of Integral
Integral of common functions
o Application of Integral calculus
e Introduction
o Integral and Derivative are complements
o Here by some practical example we will approach to the concept of definite
integral
Area = Width x Height
From geometry, we know that rectangular area A =h xw
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e Estimating Area: w

o Lets find out the area under the curve y =1 —x? and between two end points x =
aand x = b, assume a=0, b=1 for the case

Note that curve is
continuous between [a, b]
i.e. [0, 1]




We can’t find this area ‘A’ by simple formula.

o We tryto estimate this area either by overestimate or underestimate
o Ifwe choose overestimate
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Area of rectangle =h x Ax  where h = value of function at x = x;
Ax = difference between two consecutive x value
Ax = (b-a)/n  where n = total number of division

Actual area ‘A’ = Sum of areas of rectangles (A1 +A;) — Error (blue area)
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Actual area ‘A’ = Sum of areas of rectangles (A; + A, + A; + A;) — Error

Further decrease the width of rectangle. Summation of area of all rectangles approaching
to actual area ‘A’.

Actual area ‘A’ = Sum of areas of rectangles (A1 + Ao+ Az + Ay + As + Ag + A7
+ Ag) — Error

As the width of rectangles is decreasing, error is also decreasing.
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So we can represent that sum of areas of all rectangles as
o (MAX+h,AX+hAX+....h, AX....h AX)

o (FOO)AXH T (X,)AX+ T (X)AX +...... T (X, )AX...... T (x,)AX) Right-hand-sum
Similarly estimation can be done by underestimating the area.

o (NyAX+hAX+h,AX +....h, AX....h,_, AX)

o (F(x)AX+ f(X)AX+ f(X,)AX +...... T (X, )AX...... T (X, )AX) Left-hand-sum

Definite Integral
o In both the cases as we reduce the width of rectangle, ‘Ax’ there will be more
number of points between the end points ‘@’ and ‘b’ and the amount of error in
area reduces.
o Also when ‘AX’ is very small, area calculated from underestimating or
overestimating will approach to a common value.
o This limiting value when n —o or ‘Ax’—0 is called definite integral



o Mathematically

IJE f (x)dx :!ingozn: f(X;)Ax = .!inl(f (X)AX + F(X,)AX+ f(X)AX +...... T (X )AX...... (xn)Ax)

a

= Lin;nzlf(xi)Ah !irrgo(f(xo)Ax+f(xl)Ax+f(x2)Ax+ ...... f(X,)AX...... T (X, ;)AX)

Upper lipit of integration.___ Function is the
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Lower limit of

_ This complete term is read as integral of ffromatob
e Points to remember

o The procedure of calculating an integral is called integration.
o The definite integral j f (x)dx is a number it does not depend on x we can put any

variable inplace of x

b b b b b
[ £00dx= [ f(u)du=[f)dt=]f(r)dr=[f(6)do
e Solid of Revolution
o About the coordinate axes

o Ifasemicircle is revolved around the ‘X’ axis then a sphere is formed
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o Ifarectangle is revolved around the ‘X’ axis then a cylinder is formed
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e Estimating Volume
e Volume of revolution
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o A solid of revolution is formed when a region bounded by part of a curve is

rotated about a straight line.

o Consider a function f(x) on the interval [a, b]
o Now consider revolving that segment of curve about the x axis
o Thus volume of solid generated by above revolution of curve can be estimated

through definite integral.
e Find the volume of a uneven cone

o We cannot find this volume V, by simple formula

o We can estimate V by dividing cone into smaller piece
o Each small piece is a cylindrical disc, width or thickness = Ax and radius =
instantaneous value of the function f(x;).

A

b oo

o Volume ofasmall cylindrical disc
o AV = z(radius)®x height
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o AV =7x(f(x))*Xx Ax
Where f(x;) is the value of the function at point X;, So the total volume will be
the sum V =>"7(f(x,))*x Ax
i=1
o  When we apply limit n—oo for the above sum it will give the actual volume of
the cone

Vv =;rmzn:(f(xi))zAx:ﬂT(f(x))zdx

Where ‘a’and ‘b’ are the two end points in our example a =0

e Volume of Revolution

f)

o Rotation about ‘X’ axis
b b
y = f(x) Volume is V =7Z'J.y2dX IEI(f(X))ZdX
a a

o Rotation about °Y’ axis

b b
o x=f(y) Volume is V :ﬂszdy =nj(f(y))2dy
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e Howto find the Volume of a Lake
o Suppose we want to find the volume ofa big lake.

o Again we can consider that this volume is formed by the revolution of a arbitrary
function, which defines the bottom of the lake around the €Y’ axis and two end

points.
o For defining bottom of the lake arbitrary function could be a polynomial like
x=f(y)
x=y"+3y" ~y

Two end points are a = 0 and b = h (depth of the lake)

h
o Thenwe can find the volume of the lake by definite integral V = ﬂj(f (y)) dy
0

Definite integral can be used to determine
o Areaofregular or irregular shape
o Volume ofregular or irregular shape



e Properties of Definite Integral
o Order of integration

T f(x)dx = —i f (x)dx

o Zero width interval

Tf(x)dx=0

a

o Constant multiple
b b
j of (X)dx = ¢ j f (x)dx

o Sumand difference

D ——— T

(f () £g(x))dx = j' f(x)dx £ jl g(x)dx

o Additivity
b

j f (x)dx+j. f (x)dx = j f (x)dx

a

e Fundamental Theorem of Calculus

o It establishes a connection between the two branches of calculus: differential
calculus and integral calculus

o Fundamental Theorem of Calculus part-1:
If /" is continuous on [a, b], then the function g defined by the equation

g(x):jf(t)dt a<x<b
is continuous on [a, b] and differentiable on (a, b), and g’(x) = f(x)

o Fundamental Theorem of Calculus part-2:
If /" is continuous on [a, b], then

T f (x)dx = F (b) - F(a)

Where F is any antiderivative of ‘f”, that is, a function such that F> = f



e Importance of Theorem
o It lies in the fact that before discovery of this it was very difficult to measure the
area, length of the curve volume of the irregular shape or objects, but now with
the help of calculus one can measure all this.
o Differential and integral calculus are inverse to each other.

o Ifwe rewrite part-1 of theorem of calculus as dij f(t)dt = (x)
X a

o Which means that if we integrate function ‘/” and then differentiate the result we
will get original function ‘f”.

o Hence Theorem of calculus say that differentiation and integration are inverse
process.

e Indefinite integral
o Fundamental theorem of calculus says that antiderivative of the function f is

J. f (t)dt This antiderivative is known as indefinite integral and represented

as j f (x)dx = F(X)
o The process to find integral is known as integration. Note indefinite integral,

b
_[f(x)dx: F(x) is a function whereas definite integral If(x)dx is a

number.

¢ Integration Rule
o Sumand difference rules:

'[(u +V)dx = judx +jvdx
I(u —v)dx = .[udx —Ivdx
o Integration by parts:
Iuvdx = uJ.vdx— J.E—ijvdx}dx

Where ‘v’ should be the function such that its integration exists and generally ‘u’
should be the function such that its successive differentiation converges.

Example:



Ixsin xdx = xIsin xdx —J{%Isin xdx}dx
= —XCOS X —j(— Cos x)dx

1. = —xcosx+'|‘cos xadx

= —XCO0S X +Sin X

Here u=xand v=sinx

Ixtan‘1 xdx = tan™ xj xdx — I{dtZ—r:(lXj xdx}dx

, ) el

2 2
—tant x| 2= —lj 2 — dx
2 2°1+X

2
=X—tan‘lx—§+1tan‘lx
2 2 2

Here u=tan® xand v =x

o Substitution rule
Ifu = g(x) is adifferentiable function whose range is an interval ‘I’ and /" is

continuous on ‘I’ then _[ f(9(x))g’ (x)dx :j f (u)du

Example:
Ixexzdx
put x> =u then 2xdx = du
1. du 1
e' —==|e"du
Jer5 =51
1, 1.
2 2
J' SII‘]X2 dx
1+ cos® x

put cosx=u then sin xdx = du

Il ~du=tan™"u
+Uu

= tan " (cos X)

e Findthe integration of y = x?
o We cando this by antiderivative method, so let’s find whose derivative is X
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%(x3):3x2
1d
§&(Xs): x2

i(EXSJ = X2
dx\ 3
3

So 1x3 is the antiderivative or integration of x*> and we can Wl’iteJ-XZdX =%x .

e Indefinite integral of some mostly used functions.

n+l

[x'd="—1Cc  (nz-D
n+1
1
I—dx:ln|x|+C
X
Iexdx=eX+C
jaxdx: a’ +C
Ina

Isin Xdx =—-cosx+C
jcosxdx =sinx+C
Isec2 xdx =tanx +C
Icsc2 xdx =—cotx+C
Isecxtan xdx =secx+C

jcscxcotxdx:—cscx+c

I 1 dx =sin*x+C

VX% +1

I 21 1dx:tan’1x+C
X2 +

e Applications
o Change involume
IfV(t) is the volume of water ina reservoir at time t, then its derivative 7°(t) is the
rate at which water flows into the reservoir at time t. So

t
'fV'(t)dt =V (t,) -V (t,) is the change in the amount of water in the reservoir
4
between time t; and t».
o Calculation of multiplication of cells ina cell culture
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Ifthe rate of growth ofa cell in a cell culture is dn/dt, then

t
j%dt =n(t,) —n(t,) is the total multiplication of cells in the cell culture during
Lt
the time period fromt; to t,.
o Change in population
Ifthe rate of growth ofa population is dn/dt, then

t
J'@dt =n(t,) —n(t,) is the net change in the population during the time period
[
fromt; to ty.
o Increase in the production cost
If C(x) is the cost of producing x units of a commodity, then the marginal cost is

the derivative C’(x). So

IC‘(x)dx =C(X,)—C(x,) is the increase in the cost when the population is
increased from x; units to x, units

o Measurement of mass of segment of a rod
Ifthe mass of a rod measured from the left end to a point x is m(x) then the linear
density is p(x) = m’(X). So

b
jp(X)dX =m(b) —m(a) is the mass of the segment of the rod that lies between

x=a and x=b
e Summary
o Definite Integral is a very nice tool to measure

= Area bounded by a segment ofa curve

= Volume ofsolid generated by revolution of a segment ofa curve
o Definite integral is a number and does not depend on the variable
o Fundamental theorem of calculus relates differential calculus and integral calculus
o Indefinite integral is a function, also called antiderivative

12



